Abstract. We will present a new proof for the Gromov's theorem on almost flat manifolds ([Gr], [Ru]).
Introduction
The main purpose of this paper is to present a new proof for the Gromov's theorem on almost flat manifolds.
Theorem 0.1. ( [Gr] , [Ru] ) Given n ≥ 2, there are constants, ǫ(n), w(n) > 0, such that if a compact n-manifold M satisfies
then M is diffeomorphic to an infra-nilmanifold, N/Γ, where N is a simply connected nilpotent Lie group, Γ is a discrete subgroup of Aut(N ) ⋉ N such that the index [Γ : Γ ∩ N ] ≤ w(n).
Given a nilpotent manifold N/Γ, via inhomogeneous rescaling based on the descending sequence of iterated commutator subgroups on N Gromov constructed an one-parameter family of left invariant metrics g ǫ , | sec g ǫ | · diam(g ǫ ) 2 → 0 (see Example 1.1).
Theorem 0.1 has been the corner stone in the study of collapsed manifolds with bounded sectional curvature ( [CFG] , [CG1, 2] , ), which has many important applications ([Fu4] , [Ro1] and references within).
The Gromov's proof imitates the proof of Beiberbach theorem, the core part is a complicated distortion estimate of commutators by short geodesic loops, which is not easy to comprehand (cf. [BK] ). Because | sec M | · diam (M ) 2 is scaling invariant, by Gromov's compactness theorem, Theorem 0.1 has the following equivalent version:
Theorem 0.1'. Given a sequence of compact n-manifolds, M i GH −−→ pt, such that | sec M i | ≤ 1. Then for i large, M i is diffeomorphic to an infra-nilmanifold.
Our new proof of Theorem 0.1' is a simplified version of the proof in [Ro3] on a generalized Theorem 0.1': the conclusion of Theorem 0.1' still holds when replacing "| sec M i | ≤ 1" by "Ric M i ≥ −(n − 1) and vol(B 1 (p)) ≥ v > 0", wherep is a point in the Riemannian universal coverM . It is worth to point it out that contrasting to the role Theorem 0.1 plays in later development, the new (constructive) proof (not the generalized Theorem 0.1) is essential in constructing a nilpotent structure on collapsed manifolds with Ricci curvature and local rewinding volume bounded below ( [HR] ).
We now outline our approach to Theorem 0.1'. We start by performing a successive blowing-up process on the sequence, M i,0 = M i , which reveals an underlying semi-iterated bundle structures over tori: rescaling M i,0 by ℓ
−1 , and show that a bounded normal cover of ℓ
2). Then we apply the following fibration theorem:
and N is a compact manifold of dimension < n. Then for i large, there are ǫ i → 0 and a smooth bundle map,
In [CFG] , f i is constructed by averaging a continuous ǫ i -Gromov-Hausdorff approximation, h i : M i → N , with respect to some nearby metric on M i of higher regularity. Note that there is also a fiber bundle map under the curvature condition sec M i ≥ −1 ([Ya]) (where a fiber may not be almost flat), or Ric M i ≥ −(n − 1) and the (incomplete) Riemannian universal cover of any ρ-ball on M i is not collapsed ( [HR] , [Ro3] ).
Indeed, given Theorem 0.2, the rest proof is fairly elementary and standard. On the other hand, the only link between Theorem 0.2 and Theorem 0.1 seems to be a f i -fiber is, with the induced metric, almost flat (e.g., any form of Theorem 0.2 is not seen through the Gromov's proof, [Gr] , [Ru] ).
Applying Theorem 0.2, we obtain a fibration,
the sequence of f i -fiber, equipped with the induced metrics,
−1 , and repeat the above process. Iterating this process at most n-steps, we obtain on M i,0 a semiiterated bundles over tori ('semi' stands for successively passing to finite covers):
We say that a compact manifold M 0 admits an iterated bundles over tori, if
The inclusion map, M j ֒→ M 0 , induces an injection on fundamental groups, Γ j = π 1 (M j ) ֒→ Γ 0 , 0 ≤ j ≤ s, and it is easy to check that the universal cover of M 0 is diffeomorphic to R n (Lemma 1.2). We call the iterated bundle normal, if Γ j injects into a normal subgroup of Γ 0 . By the normality, the conjugation induces homomorphisms, ρ j : Theorem 0.3 is based on the following characterization in [Na] (cf. [Be] ): M 0 is diffeomorphic to a nilpotent manifold if and only if M 0 admits an iterated principal circle bundles :
A short elementary proof is given in [Be] , where Belegradek also showed, based on Theorem 0.1, that if one removes the restriction, 'principal' , from the iterated bundles, then M 0 is diffeomorphic to an infra-nilmanifold. Our main effort in the proof is to show that a semi-iterated bundles over tori on M i,0 satisfying (0.2.1) and (0.2.2) guarantees thatΓ i,0 can be chosen so thatM i /Γ i,0 admits a normal iterated bundle over tori such that ρ j is trivial for 1 ≤ j ≤ s (Theorem 3.1).
Acknowledgment:
The author would like to thank Jeff Cheeger for a helpful comment on this work.
Inhomogeneous Rescaling vs. Successively Blow-Ups
A compact manifold M with | sec M | ≤ 1 is called ǫ-maximally collapsed, if diam(M ) < ǫ. Via scaling, all compact flat manifolds is maximally collapsed. Gromov observed that on a compact nilpotent manifold N/Γ, via an inhomogeneous rescaling one obtains an one-parameter family of left invariant metrics, g ǫ , such that | sec g ǫ | ≤ 1 and diam(M ) → 0 as ǫ → 0. Example 1.1. Consider a compact nilmanifold N/Γ, with the descending sequence s ≤ n = dim(N ):
Then N/Γ carries an iterated nilpotent fiber bundle over tori:
Let i denote the Lie algebra of N i . We will take a graded basis for 0 as follows: let e s,1 , ..., e s,k s+1 denote a basis for s , and extend it to a basis for s−1 : e s−1,1 , ..., e s−1,k s , e s,1 , ..., e s,k s+1 , and then extends to a basis for s−2 , ... . A left invariant metric on N is defined by asserting {f i,k } an orthonormal basis, and a bound on the sectional curvature depends on a bound on {c a,b }:
For ǫ ∈ (0, 1], we define a family of left invariant metric on N (equivalently, an invariant metric on N/Γ) by asserting an orthonormal basis in :
By now it is clear that there is a bound on {c
We now recover the iterated normal bundle structures from (N/Γ, g ǫ )
GH
−−→ pt, via a natural successively blowing-up process: first rescaling g ǫ by diam(N/Γ, g ǫ ), one gets the fiber bundle,
Then one gets a fibration when repeating the above rescaling process for
Iterating this rescaling process s times, one may recover the underlying nilpotent structure. According to Theorem 0.3, the existence of a normal iterated bundle structures over tori with trivial holonomy representation is all that is required to conclude that N/Γ is a nilpotent manifold.
be equipped with the pullback metric by
i → 0 and injrad(0 i ) → ∞, passing to a subsequence we obtain the following commutative diagram of the rescaling sequence (cf. [FY] , [Ro1] ):
where
(0 i ), and G is a closed subgroup of Isom(R n ) such that R n /G = X. By the generalized Beiberbech theorem (see Corollary 4.2, [FY] ), G contains a normal abelian subgroupĜ of finite index such that R n /Ĝ = T k , a flat torus. It is clear that the identity component of G, G 0 <Ĝ. Moreover, Γ i,0 contains a normal subgroup,Γ i,0 , such that for i large,
We proceed by induction on n, starting with the trivial case that n = 2. In general for i large, by (1.2.1) and Theorem 0.2 we may assume a fibration,
, equipped with the induced metric, satisfies that diam(M i,1 ) → 0 and | sec M i,1 | ≤ c(n). By applying induction on M i,1 , we may assume that a universal coverM i,1 is diffeomorphic to R n−k , and thus
Based on Lemma 1.2 and Theorem 0.2, we will perform successively blowing-up process on M i,0 = M i , and obtain, up to bounded normal covers, iterated bundles over tori: first, a bounded finite normal cover of M i,0 ,M i,0 , admits a fibration,
and M i,1 GH −−→ pt. Then we perform the above blowing-up operation on M i,1 , and conclude that a bounded normal over of
Iterating this process, we obtain the following semi-iterated bundles over tori (i.e., up to bounded covers),
Nilpotent Manifolds: Iterated Normal Bundles Over Tori With Trivial Conjugation Holonomy
We will show that Theorem 0.3 is equivalent to the following criterion of compact nilmanifolds.
Theorem 2.1. (Iterated principle circle bundles, [Na] , [Be] ) A compact n-manifold M is diffeomorphic to a nilpotent manifold if and only if M admits an iterated principle circle bundles,
Given a fiber bundle over a torus, F → M → T k , the inclusion, F ֒→ M , induces an injection on fundamental groups; this can be seen from the homotopy exact sequence of the fibration and that π 2 (T k ) = 0.
Proof of Theorem 0.3. Given a nilpotent manifold, N/Γ, there is the descending sequence,
where N i = [N, N i−1 ] and Γ i = N i ∩ Γ, and N s ⊆ C(N ), the center of N . Then one obtains the desired iterated normal bundle over tori with trivial holonomy representation,
We now assume that M satisfies the conditions of Theorem 0.3, and we will show that M admits an iterated principle circle bundles (Theorem 2.1). We proceed by induction on s, starting with s = 1, T k 2 → M → T k 1 . The assumptions on the fundamental group imply that T k 2 → M → T k 1 is given by a principle T k 2 -bundle, and thus M can be expressed as an iterated principle circle bundles.
Consider an iterated bundles over tori of length s, satisfying Theorem 0.3. By the inductive assumption, M 1 is a nilpotent manifold, and M s = T k s+1 acts freely on M 1 (the universal cover of T k s+1 is contained in the center ofM 1 ). Because the holonomy representation via conjugation, π 1 (M ) → Aut(M 1 ), is trivial when restricting to T k s+1 -orbits we may assume that the T k s+1 -action on M 1 extends to a free T k s+1 -action on M , and thus we obtain a bundle over
Note that M/T k s+1 is an iterated bundle over tori of length s − 1. Applying induction, M/T k s+1 is diffeomorphic to a nilmanifold. Consider the principle
Because M/T k s +1 admits an iterated principle circle bundles, M admits an iterated principle circle bundles.
Normal Nilpotent Subgroups of Bounded Index
Given a sequence, M i,0 GH −−→ pt, with | sec M i | ≤ 1, via a successively blowing-up process we obtain a semi-iterated bundles over tori in (1.3). Our key observation is that ifΓ i,0 = π 1 (M i,0 ) is nilpotent, then X j = T k j and thus M i,j =M i,j i.e., (1.3) becomes an iterated bundles over tori (Lemma 3.6). Based on (0.2.2), it is easy to show that Γ i,j = π 1 (M i,j ) is normal inΓ i,0 , and the induced homomorphism, ρ i,j :Γ i → Aut(Γ i,j−1 /Γ i,j ), has a finite image. We show that passing to a finite cover ofM i,0 there is a desired iterated bundle over tori such that ρ i,j is trivial. Proof. We first observe the following properties: For an exact sequence of groups, e → Γ 1 → Γ φ − → Γ 0 → e, and H i < Γ (i = 1, 2), we have (3.2.4) H 1 = H 2 if and only if
A consequence of (3.2.5) and (3.2.5) is that |A(Γ, a)| ≤ c(n, a) if and only if |A(Γ 1 , a)|, |A(Γ 0 , a)| ≤ c(n, a). 6 (3.2.1) We proceed the proof by induction on s in (1.3), starting with s = 1:
In general, we may apply the inductive assumption on M 1 i.e., we may assume that |A (Γ 1 , a)| ≤ c 1 (n, a) . Similarly, we conclude that |A(Γ, a)| ≤ c(n, a).
(3.2.2) Let A 0 (Γ, a) denote the set of subgroups of Γ with index a. Then Γ acts on A 0 (Γ, a) via conjugations, which defines a homomorphism, φ : Γ → S (A 0 (Γ, a) ), the permutation group of A 0 (Γ, a).
(3.2.3) Let Γ 1 , ..., Γ k denote the set of subgroups of Γ of index a ≥ 1. Then
[Γ :
Let {γ i,j } denote the Gromov's short basis forΓ
, the subgroup generated by γ i,1 , · · · , γ i,j . Using Toponogov triangle comparison, it is easy to see an upper bound on |{γ i,j }| depending only on n (Gromov) .
Note that the iterated normal bundles over tori in (1.3) is obtained via successively blowing-ups. Taking this into account, {γ i,j } is naturally divide {γ i,j } into s groups,
is a short basis for Γ i,j ֒→ Γ i,0 .
Lemma 3.4. (Holonomy estimate) Under the assumptions of Theorem 0.1', let M i,0 admit a semi-iterated bundles over tori in (1.3). Then Γ i,j is a normal subgroup ofΓ i,0 , 1 ≤ j ≤ s + 1.
Proof. For any γ i ∈Γ i,0 −Γ i,j , based on (3.1) we may write γ i = γ i,j−1 · · · γ i,1 , γ i,l−1 ∈ Γ i,a−1 − Γ i,a . We will check that each γ i,a normalizes Γ i,j .
For the fibration, M i,a →M i,a−1 → T k a , letσ i,1 , ...,σ i,k l denote simple closed geodesics representing a standard basis for π 1 (T k a ), and let σ i,b denote the horizontal lifting ofσ i,b atp i followed by a minimal intrinsic geodesic in M i,j top i . It suffices to show that each σ i,b preserves Γ i,a . First, we may assume the length, 7 |σ i,b | ≤ 1. Considering the lifting bundles,M i,a →M i,a−1 → R k a , where σ i,b lifts a horizontal geodesic. By the first variation formula and (0.2.2), it is clear that
Combining (3.5) and (3.3), it follows that for i large, σ i,b preserves Γ i,a .
Note that (3.5) holds in a general situation (e.g. there is a semi-iterated exact sequence on fundamental groups, cf. [KW] , [KPW] ).
Proof of Theorem 3.1.
Observe that it suffices to show thatΓ i,0 contains a nilpotent subgroup of bounded index, because by Lemma 3.2, the intersection of the conjugate classes of nilpotent subgroups is normal in Γ i,0 with a bounded index.
We shall construct a subgroup Γ ′ i,0 ofΓ i,0 of bounded index such that (3.1.1) Γ ′ i,0 has a descending sequence of normal subgroups, Γ
It is clear that (3.1.1) and (3.1.2) imply that Γ ′ i is a nilpotent group. We start with a a semi-iterated bundles over tori on a bounded normal cover of M i,0 :
By Lemma 3.2, NΓ 
is descending sequence of normal subgroups satisfying (3.1.1).) Iterating the above s-steps, we will obtain a subgroup Γ * i,0 <Γ i,0 of bounded index such that for 1 ≤ j ≤ s, Γ * i,j = Γ * i,0 ∩Γ i,j satisfies (3.1.1) (consider the lifting universal bundle,
It is clear thatM i,j−1 /Γ * i,j−1 and M * i,j are finite overs ofM i,j−1 and M i,j respectively, and
is a finite cover of T k j , which implies that Γ *
We now show that the induced holonomy representation ρ j has a finite image. Because the ratio in (3.5) is scaling invariant, by scaling we normalize |γ k j i,j | = 1, and thus the norm of ρ j (γ i ) ∈ Aut(Γ * j−1 /Γ * i,j ) = SL(k j , Z) with |γ i | ≤ ℓ ≤ 1. The norm of ρ j (γ i ) is also scaling invariant, and with normalizing |γ
-apart, by the Bishop-Gromov relative volume comparison we bound from 8 above the number of the cosets by
with |γ i | ≤ 1 has at most L = a(n, C j ) k j many possibilities. Let S i be a symmetric generating set forΓ i,0 i.e., S = S −1 , whose size is uniformly bounded for all i. For i large, we may assume any element of word length at most L has length ≤ 1, and thus |ρ j (S L )| < L. This implies that ρ j (Γ i,0 ) is a finite subgroup of GL(k j , Z), whose order is bounded above by c(k j ) (cf. [KPT] ).
With the above preparation, we are ready to choose a subgroup Γ 
) ⊲ e, which satisfy (3.1.1) and (3.1.2). We now define on M ′ i,0 an iterated normal bundles over tori with all ρ i,j trivial by:
By Theorem 0.3, M ′ i,0 is diffeomorphic to a nilpotent manifold. We then complete the proof by the following Lemma 3.6. 
Proof. Because Γ
′ acts freely by translations on R n , and thus R n /G ′ = T k 1 . Without loss of the generality, we may assume the isotropy group H 0 = e, 0 ∈ R n . Then H 0 ⊂ Z(G ′ ), the center of G ′ , and G ′ /H 0 acts isometrically on R n /H 0 = R l × C(S Note that the descending sequence of the normal subgroups is identified as subgroups generated by a graded short basis, in each graded subset the ratio of length of any two elements are comparable, while the ratio blows up if two elements are not in different graded subsets (see (3.3) ). By a similarly argument in the proof of (3.5), it is easy to see (3.5) for the γ i -conjugation, and thus γ i -conjugation preserves each Γ ′ i,j i.e., the descending normal subgroups of Γ ′ i,0 .
